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Abstract
This paper investigates the automorphism group of a connected and undirected G-symmetric graph Γ
where G is an almost simple group with socle T . First we prove that, for an arbitrary subgroup M of
AutΓ containing G, either T is normal in M or T is a subgroup of the alternating group Ak of degree
k = |Mα : Tα |− |NM (T ) : T |. Then we describe the structure of the full automorphism group of G-locally
primitive graphs of valency d , where d ≤ 20 or is a prime. Finally, as one of the applications of our results,
we determine the structure of the automorphism group AutΓ for cubic symmetric graph Γ admitting a
finite almost simple group.
c© 2007 Elsevier Ltd. All rights reserved.
1. Introduction
All graphs considered in this paper are finite, connected, undirected and simple. For such
a graph Γ , let VΓ , EΓ , and AutΓ denote its vertex set, edge set and the full automorphism
group, respectively. For a vertex α ∈ VΓ , let Γ (α) denote the set of vertices adjacent to α in Γ .
Given a positive integer s, an s-arc is a sequence (v0, v1, . . . , vs) of s + 1 vertices of VΓ such
that (vi−1, vi ) ∈ EΓ and vi−1 6= vi+1, for i = 1, . . . , s − 1. The graph Γ is called (G, s)-arc
transitive if there is a transitive subgroup G of AutΓ acting transitively on the set of all s-arcs
of Γ (a (G, 1)-arc transitive graph is also called G-arc transitive or G-symmetric). In particular,
an (AutΓ , s)-arc transitive graph is called s-arc transitive. Clearly, for a vertex transitive graph
Γ it is trivially seen that Γ is arc transitive if and only if (AutΓ )α is transitive on Γ (α). A
G-symmetric graph is called G-locally primitive if Gα acts primitively on Γ (α).
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For a graph Γ , the symmetric property of Γ can be measured or described by its full
automorphism group AutΓ . Therefore, in many cases, determining the structure of AutΓ is
critical in studying certain symmetric properties of the graph Γ . However, it is usually difficult
to determine the structure of AutΓ . In [3,4], Praeger, Havas and the first author obtained some
information about the automorphism group of a G-locally primitive graph for an almost simple
group G. In this paper we investigate the automorphism groups of a G-symmetric graph Γ for a
finite almost simple group G. Our first theorem describes the automorphism group of Γ in terms
of the normality.
Theorem 1.1. Let Γ be a connected G-symmetric graph, where G is an almost simple group
with socle T such that T is transitive on VΓ . Let M ba a subgroup of AutΓ containing G. For
α ∈ VΓ , let n = |Mα : Tα| and m = |NM (T ) : T |. Then either T is normal in M or T ≤ An−m ,
the alternating group of degree n − m.
Remarks on Theorem 1.1. (1) For a G-symmetric graph Γ given in Theorem 1.1, if we take
M = AutΓ , then either T C AutΓ or T ≤ An−m with n − m defined in Theorem 1.1. Write
N = NAutΓ (T ) and C = CAutΓ (T ). If T C AutΓ , then AutΓ = N . Then, N/C ≤ Aut(T )
by the so-called “N/C theorem” (see, for example, [7]). Note that T is a finite nonabelian
simple group and the structure of its automorphism group Aut (T ) is well known. Therefore,
the main problem for describing AutΓ might be reduced to that of determining C . Moreover,
[5, Proposition 2.4] describes how to determine the structure of C .
(2) In [12, Theorem 1.1] a connected cubic A48-symmetric graph Γ was constructed, which
is a Cayley graph relative to A47 satisfying that AutΓ = A48. Note that, for a connected cubic
symmetric graph, the size of |(AutΓ )α| is at most 48 (see, for example, [1,11]). This shows that
the number n − m is the lowest upper bound of the degrees of the alternating groups containing
T if T is not normal in A.
Next we consider the automorphism groups of connected G-locally primitive graphs of
valency d , where G is a finite almost simple group. In [2, Proposition 4.1], Conder, Li and
Praeger proved that, for such graphs, if d ≤ 20 or d is a prime, then |(AutΓ )α| is upper
bounded by a function f (d). From this, we conclude that either T ≤ A f (d) or T C AutΓ by
Theorem 1.1. Since A f (d) contains only finitely many subgroups, we obtain immediately the
following corollary.
Corollary 1.2. For a finite almost simple group G, let Γ be a connected G-locally primitive
graph of valency d. If d ≤ 20 or d is a prime, then soc(G) C AutΓ for finite exceptions.
Finally, as an application of Theorem 1.1 and Corollary 1.2, we investigate connected cubic
G-symmetric graphs for G an almost simple group. We prove that, for d = 3, the exception of
Corollary 1.2 does not occur.
Theorem 1.3. For a finite almost simple group G, let Γ be a connected cubic G-symmetric
graph. Then soc(G) is normal in AutΓ .
In the next section we give some preliminary results. Section 3 is devoted to proving
Theorems 1.1 and 1.3.
2. Preliminary
In this section we give some concepts and lemmas which will be used to prove our theorems.
For a group G, we first introduce a general method for constructing a connected G-symmetric
graph.
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For a group G, a subgroup H of G is called core-free if ∩g∈G H g = 1. Given a core-free
subgroup H < G and a 2-element (the description ‘2-element’ means that the order of this
element is a power of 2) g ∈ G\NG(H) such that g2 ∈ H and 〈H, g〉 = G, let Cos(G, H, HgH)
denote the graph Γ with
VΓ = {Hx | x ∈ G} , EΓ = {{Hx, Hy} | xy−1 ∈ HgH}. (2.1)
For the graph Γ , it is trivial to verify that G ≤ AutΓ (by right multiplication action).
Furthermore, by Sabidussi [10] and Lorimer [9], we know that, for a G-symmetric graph Γ
of valency d , there exists a core-free subgroup H of G and a 2-element g ∈ G satisfying the
following conditions:
(1) g ∈ G \ NG(H), g2 ∈ H , 〈H, g〉 = G; and
(2) |H : H ∩ H g| = d , H is transitive on [H : H ∩ H g] by right multiplication action.
Moreover Γ ∼= Cos(G, H, HgH). Conversely if G is a finite group with a core-free subgroup H
and a 2-element g ∈ G satisfying (1) and (2) above, then Cos(G, H, HgH) is a connected
G-symmetric graph of valency |H : H ∩ H g|. The graph constructed as above is called a
connected G-symmetric coset graph. Note that, for the coset graph Γ = Cos(G, H, HgH)
defined as above, if we choose a vertex α = H ∈ VΓ , then the subgroup H is exactly the point
stabilizer of α in G. So sometimes we also denote the graph Γ as Cos(G,Gα,GαgGα). From
now on all connected G-symmetric graphs Γ will be constructed as Γ = Cos(G, H, HgH)
defined in (2.1).
For a group T , a subset S is called a Cayley subset if 1T 6∈ S and S−1 = S. For a Cayley subset
S of T , the Cayley graph Γ = Cay(T, S) relative to S is defined as below:
VΓ = T, EΓ = {{x, y} | xy−1 ∈ S}. (2.2)
Clearly, for α ∈ VΓ , Γ (α) = S. Further, Γ is connected if and only if 〈S〉 = T . Let TR denote
the right multiplication representation of T . It is trivial to verify that TR ≤ AutΓ and, without
giving rise to confusion, we denote TR by T in AutΓ .
The following two lemmas are useful for proving Theorem 1.3. The first lemma gives a general
description of structures of the point stabilizer of connected cubic symmetric graphs.
Lemma 2.1 ([1,11]). Let Γ be a finite and connected cubic s-arc transitive graph with s ≥ 1.
Then s ≤ 5 and |(AutΓ )α||48. Further, let H be a subgroup of AutΓ such that H is transitive
on s-arcs but not (s + 1)-arcs of Γ . For α ∈ VΓ , let Hα denote the vertex stabilizer of H. Then
the following hold:
(1) s = 1, Hα ∼= Z3;
(2) s = 2, Hα ∼= S3;
(3) s = 3, Hα ∼= D12;
(4) s = 4, Hα ∼= S4;
(5) s = 5, Hα ∼= S4 × Z2.
For a connected cubic T -symmetric graph, where T is a finite nonabelian simple group, Li [8]
determined all candidates of T such that T might not be normal in AutΓ .
Lemma 2.2 ([8, Proposition 7.1.3]). Let T be a finite nonabelian simple group, and let Γ be
a connected T -symmetric cubic graph. Then either T C AutΓ or (T,AutΓ ) is one of the
following:
(A7, A8), (A7, S8), (A7, 2.A8), (A15, A16), (GL4(2),AGL4(2)).
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3. Proof of Theorems 1.1 and 1.3
In this section we prove Theorems 1.1 and 1.3. Write A = AutΓ .
Proof of Theorem 1.1. Let G be a finite almost simple group with socle T and suppose that Γ is
a connected G-symmetric graph such that T is transitive on VΓ . Now G ≤ M ≤ A. Since T is
transitive on VΓ , M = T Mα . We claim that if T is not normal in M then, for a vertex α ∈ VΓ ,
T ≤ An−m , where n = |Mα : Tα| and m = |NM (T ) : T |.
Denote Ω as the set of all right cosets of T in M . Since T is transitive on VΓ , we have
|Ω | = |M : T | = |Mα : Tα| = n.
Consider the action of T on Ω by right multiplication. Since T is a simple group and not normal
in M , the action of T on Ω is nontrivial and faithful. Therefore, T can be embedded into the
alternating group An . Identify T with its image in An ; we have T ≤ An . Clearly, for T x ∈ Ω ,
T x is a fixed point by T if and only if x ∈ NM (T ). Furthermore, for any x, y ∈ NM (T ), if
T x 6= T y ∈ Ω then they are different fixed points of T on Ω . Therefore, T has exactly
|NM (T ) : T | = m fixed points on Ω , which implies that T ≤ An−m . 
Next we complete the proof of Theorem 1.3.
Proof of Theorem 1.3. Write soc(G) = T and suppose that T is not normal in A. Since T C G,
Tα C Gα . Note that the valency of Γ is 3. Thus Gα acts primitively on Γ (α). From this it follows
that either Tα = 1 or Tα is transitive on Γ (α). In the former case we conclude that T is regular
on VΓ and hence Γ = Cay(T, S) is a Cayley graph defined in (2.2), for some Cayley subset S of
T . Then by [12, Theorem 1.1], T = A47, A = A48 and Γ is 5-arc transitive. This is impossible
since Aut (A47) = S47, which is not transitive on the set of all arcs of Γ . So Tα is transitive on
Γ (α) and hence Γ is T -arc transitive. Then the pairs of (T, A) are given by Lemma 2.2. Now we
shall discuss these five pairs by considering the following three cases, separately.
Case 1. (T, A) ∈ {(A7, A8), (A7, S8), (A7, 2.A8)}.
In this case we conclude that Γ is a connected cubic A7-symmetric graph. So Γ = Cos
(T, Tα, TαgTα), where Tα ∼= Z3 or S3 by Lemma 2.1. However, a systematical search by using
GAP [6] shows that there exists no involution g ∈ T such that 〈Tα, g〉 = T and |Tα ∩ T gα | = 1
or 2. So there is no connected cubic A7-symmetric graph.
Case 2. (soc(A), T ) = (A16, A15).
We assert that this case does not occur. If this is not the case, since Γ is A15-symmetric,
A = A16 and Γ is 5-arc transitive with Aα ∼= S4 × Z2 by Lemma 2.1. So there is a core-free
subgroup Aα and a 2-element g of A16 such that Γ = Cos(A16, Aα, AαgAα) (up to
isomorphism), where Aα and g satisfy the conditions given in Section 2 (see the connected
G-symmetric coset graph). Assume that A16 acts naturally on the set Ω = {1, 2, . . . , 16} and
A15 is the stabilizer of A16 fixing 16 ∈ Ω . Note that A15 is transitive on VΓ . Thus A16 = A15Aα
and A15 ∩ Aα ∼= Z3. It follows that a Sylow 2-subgroup of Aα must be regular on Ω .
First we determine Aα . Since the Sylow 2-subgroup of Aα is D8 × Z2 which is regular on
Ω , D8 has two orbits of length 8 on Ω . So, without loss of generality, we choose a subgroup
D = 〈σ, τ 〉 < A16, where
σ = (1, 2, 3, 4)(5, 6, 7, 8)(9, 10, 11, 12)(13, 14, 15, 16),
τ = (1, 5)(2, 8)(3, 7)(4, 6)(9, 16)(10, 15)(11, 14)(12, 13).
Evidently D ∼= D8.
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Let C = CA16(D). By using GAP, it can be easily checked that |C | = 128 and there are eight
involutions γ ∈ C such that 〈σ, τ, γ 〉 is regular on Ω . Furthermore, all these eight subgroups are
conjugate in A16. Therefore, without loss of generality, we can choose one of them, say 〈σ, τ, γ 〉,
where
γ = (1, 9)(2, 10)(3, 11)(4, 12)(5, 16)(6, 13)(7, 14)(8, 15).
Write W = 〈σ, τ, γ 〉. Now W is a Sylow 2-subgroup of Aα .
For determining Aα , we need to find an element δ ∈ A15 with |δ| = 3 such that 〈D, δ〉 ∼= S4
and 〈W, δ〉 ∼= S4 × Z2. Let E = CA16(γ ) ∩ A15. Clearly, δ ∈ E . Computation shows that|E | = 322 560 and there are only eight elements δ ∈ E such that |δ| = 3 and 〈σ, τ, δ〉 ∼= S4.
Furthermore, all these eight subgroups are conjugate in A15, which implies that all possible
subgroups 〈σ, τ, δ, γ 〉 < A16 are conjugate. Therefore, without loss of generality, we can choose
Aα = 〈W, δ〉, where
δ = (1, 3, 7)(4, 8, 6)(9, 11, 14)(12, 15, 13).
Next we determine 2-elements g ∈ A16 for Aα given as above. Note that |Aα ∩ Agα| = 16.
Thus g normalizes the Sylow 2-subgroup W of Aα and hence g ∈ NA16(W ). On the other hand,
by using GAP, computation shows that |NA16(W )| = 1024 = 210 and that there are exactly 448
2-elements g ∈ NA16(W ) such that g2 ∈ Aα but none of them satisfies 〈Aα, g〉 = A16. On the
other hand, our computation shows that there are exactly 128 2-elements g ∈ NA16(W ) such
that 〈Aα, g〉 = A16 but none of them satisfies g2 ∈ Aα . So there is no A15-symmetric graph Γ
satisfying AutΓ = A16, and so (A16, A15) is not the case.
Case 3. (T, A) = (GL4(2),AGL4(2)). Now Γ = Cos(T, Tα, TαgTα), for some 2-element
g ∈ T . Since |A : T | = 24, by Lemma 2.1, Tα = 〈x〉 ∼= Z3. Since g2 ∈ Tα , o(g) = 2. Thus
T = 〈x, g〉. On the other hand, by using GAP, it is not hard to verify that T cannot be generated
by any x, y ∈ G such that o(x) = 2 and o(y) = 3. This is a contradiction. So Case 3 does not
occur. This completes the proof of Theorem 1.3. 
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